Abstract-Multi Criteria Decision Making methods have been developed to solve complex real-world decision problems. The Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) is currently one of the most popular methods and has been shown to provide helpful outputs in various application areas. In recent years, a variety of extensions, including fuzzy extensions of TOPSIS have been proposed. One challenge that has arisen is that it is not straightforward to differentiate between the multiple variants of TOPSIS existing today. Thus, in this paper, a comparison between the classical Fuzzy TOPSIS method proposed by Chen in 2000 and the recently Fuzzy TOPSIS proposed extension by Yuen in 2014 is made. The purpose of this comparative study is to show the difference between both methods and to provide context for their respective strengths and limitations both in complexity of application, and expressiveness of results. A detailed synthetic numeric example and comparison of both methods are provided.
I. INTRODUCTION
Multi-Criteria Decision Making (MCDM) methods have gained much interest from researchers and practitioners in assessing, evaluating, and ranking alternatives across diverse industries [1] . There are numerous MCDM methods developed to solve real-world decision problems, however Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) is currently one of the most popular methods and worked satisfactorily in various application areas (e.g., [2] , [3] , [4] , [5] and [6] ). This method was first developed by Hwang and Yoon [7] for solving MCDM problems with the basic principle to choose alternative which has the shortest distance from the positive ideal solution (best) and the farthest distance from negative-ideal solution (worst).
Later, Chen [8] extended the TOPSIS method to a fuzzy environment using triangular fuzzy numbers to replace the numeric linguistic scales for rating and weighting. After that, a number of papers proposed extensions of the Fuzzy TOPSIS method by Chen [8] . Tsaur, Chang and Yen [9] first changed a fuzzy MCDM problem into a crisp problem using centroid defuzzification and then solved the non-fuzzy MCDM problem based on the classical TOPSIS method.
Wang and Elhag [10] proposed a Fuzzy TOPSIS method based on alpha level sets to analyse the preferences given by decision makers. Then, Wang and Lee [11] generalised TOPSIS for fuzzy multiple-criteria group decision-making by introducing a new operator to determine the ideal solution point in the Fuzzy TOPSIS method. Ashtiani et al. [12] and Chen and Tsao [13] extended the TOPSIS method to intervalvalued fuzzy numbers. Boran [14] introduced an intuitionistic fuzzy TOPSIS method for the supplier selection problem. Behzadian et. al. [1] summarised and reviewed the research on TOPSIS applications and methodologies. Most recently, Yuen [15] proposed a new Fuzzy TOPSIS method based on the introduction of a "two-dimensional" scale to overcome the dynamic phenomenon which may exist among Decision Makers (DMs) in rating processes. This scale is different compared to the scale in classical Fuzzy TOPSIS method proposed by Chen [8] in order to allow the capture of additional information from DMs. However, DMs preferences are often vague and decision-relevant information is imperfect as it is based on perceptions [16] . There exist variations in decision making among DMs and that variation can be model using fuzzy sets [17] . Our literature review shows that except for Yuen's Fuzzy TOPSIS method [15] , the other approaches focus mainly on the type of information involved in the rating or weighting processes (e.g.,triangular fuzzy number, interval-valued number and intuitionistic fuzzy valued) and the improvement of the step for the definition of the ideal (best) and negative ideal (worst) alternatives in the Fuzzy TOPSIS method. However, there is little work focussing on the quality of input (preferences) given by DMs in the first, rating step.
Usually, in TOPSIS, DMs use an ordinary scale (e.g., Likert scale) to represent their preferences. Later, in Chen's work, [8] , a new scale was introduced based on triangular fuzzy numbers (TFN) which was subsequently used in Fuzzy TOPSIS methods proposed by other researchers in the last 15 years. However, a question remains as to whether this scale can be applied to every question in MCDM problems. Yuen [15] developed a new scale to be used in the Fuzzy TOPSIS method, requiring two-fold rating and additional algorithms, increasing both data collection and computational complexity. Thus, the question arises as to how this method by Yuen differs from the original, simpler approach by Chen, if both methods provide comparable results with comparable inputs and what the effect of the secondary scale in Yuen's method is. To date, there has been no comparative study that shown the strength and limitations of both methods.
In this paper, for the sake of simplicity, we refer to the classical Fuzzy TOPSIS method as Chen's Fuzzy TOPSIS method and the recently introduced method as Yuen's Fuzzy TOPSIS method. We compare both approaches theoretically as well as in an applied example to show the differences and similarities between these two methods. In particular, we show that both methods can provide comparable results under specific circumstances. In this numerical example, we use synthetic data to show the implementation and enable the comparison of both methods. Through the example we show the different steps involved to solve the same MCDM problems in both approaches. Note that the synthetic example used in this paper only focuses on rating of alternatives activity. The importance weight of criteria used in this paper is taken from Chen [8] and applied in both approaches. The details on this matter will be discussed in the Section IV.
The paper is structured as follows: Section II briefly revises the fundamental concepts of Fuzzy set theory and the Fuzzy TOPSIS method. Section III presents comparisons between two Fuzzy TOPSIS methods. Section IV presents a numerical example implementing both methods. Section V provides a discussion of both Fuzzy TOPSIS methods in the comparison context. Finally, Section VI gives conclusions with suggestions of future work.
II. PRELIMINARIES

A. Fuzzy Sets and Fuzzy Numbers
Definition 1: A fuzzy set A in X is defined by:
is the membership function of A and μ A (x) is the degree of membership of x in A. If μ A (x) equals 1, x completely belongs to fuzzy set A. Unlike in classical set theory, μ A (x) may be a value between zero and one, capturing partial membership of x in the fuzzy set A [18] .
Definition 2:
A fuzzy number M is a convex normal fuzzy set M of the real line R such that [19] : There exists exactly one x 0 ∈ R with μ M (x 0 ) = 1 (x 0 is called mean value of M ) and μ M (x) is piecewise continuous.
There are different types of fuzzy numbers based on applications or situations. The triangular fuzzy number (TFN) is most widely used in decision making because of its intuitive membership functions and computational simplicity [20] [21] . In this study, TFNs are adopted in both of the fuzzy TOPSIS methods. Triangular fuzzy number can be defined as a triplet (l, m, u). The parameters l, m and u, respectively, specify the smallest possible value, the peak value and the largest possible value of the membership function.
B. The Fuzzy TOPSIS method
In this section, we succinctly review the general Fuzzy TOPSIS method as commonly used in the last 15 years in the MCDM field [8] . Let the decision makers, D r , r ∈ {1, · · · , k} use a set of linguistic variables to assess the ratings of alternatives and the weight of the criteria. Decision maker r supplies the weight (W j r ) of jth criterion, C j (j = 1, · · · , m). Similarly, the decision maker gives the rating (x r ij ), of ith alternative, A i (i = 1, · · · , n), with respect to criterion j. An example of alternatives may include alternative actions, actions, acts, strategies, candidates, locations. For criteria, it may includes states of nature or conditions on which the results of any alternative action depends. For example, in the problem of staff selection, the criteria may include "communication skills" and "past experience". The overall method comprises the following steps [21] :
1) The decision maker gives a subjective evaluation on rating of alternatives and a subjective evaluation on importance weight of criteria. 2) Get the average weights of criteria and ratings of alternatives given by k decision makers, as shown in (2) and (3):
wherew j andx j are the importance weight of criteria and the rating of alternative given by Kth decision maker. 3) Construct the fuzzy decision matrix of the alternatives (D), to show all the subjective ratings given by a set of decision makers according to (4) .
wherex ij , j = 1, 2, · · · , m are linguistic variables. This linguistic variables are described by triangular fuzzy numbers,x ij = (a ij , b ij , c ij ). 4) Construct the normalized fuzzy decision matrix of the alternative ratings in (D) using linear scale transformation to transform the various criteria scales into comparable scales. The normalized fuzzy decision matrix is obtained by:
5) Calculate the weighted normalized decision matrix,ṽ ij by multiplying the weight of the criteria,w j , by the elementsr ij of the normalized fuzzy decision matrix: (8) and (9) .
where d v (·, ·) represent the distance between two fuzzy numbers according to the vertex method. Letm = (m 1 , m 2 , m 3 ) andñ = (n 1 , n 2 , n 3 ) be two triangular fuzzy numbers. Distance calculation of triangular fuzzy numbers is calculated by (10) :
(10) 8) Determine the relative closeness or closeness coefficient, CC i , using (11) :
9) Determine the ranking order of the alternatives and select the best one from among a set of predetermined alternatives.
In the following section we will proceed by reviewing two of the recently establish fuzzy TOPSIS methods.
III. COMPARISON OF CHEN AND YUEN FUZZY TOPSIS
The step by step comparison of both methods is summarised in Table I . The main goal is to provide context for the strengths and limitations of both methods. There are three different steps between these two methods. The differences are in the Step 1,2 and 6.
In
Step 1, both methods use linguistic scales employing TFNs to express the linguistic terms. While Chen's method only uses a one-dimensional scale, in Yuen's method, a twodimensional scale is used to capture the linguistic terms. An example of both scales is given in Tables II and III respectively.  In Table II , the linguistic terms used contain no hedges while in Table III, Yuen's introduced hedges are shown. The next step which is different is in Step 2. In this step, the decision makers are asked to give a rating of each alternative with respect to each criterion based on the scale given in Step 1. Chen's rating process is a single rating process as the scale used in this method is one-dimensional scale. The decision makers only choose one linguistic term to evaluate the alternatives.
On the other hand, Yuen's introduces a double rating process in this step. This process requires each decision maker to choose the main term shown in the columns of Table III and choose a suitable hedge as shown in a same table. An example of main terms as in Table III are: Bad, Weak, Fair, Good and Excellent. In the second stage, the decision makers need to choose the second term which consists of hedges, e.g., Much Below, Quite Below, Little Below, Absolutely, Little Above, Quite Above and Much Above. Thus, Yuen's method basically collects more information from decision maker than Chen's method. Note that regardless of the scale used, an important factor in any MCDM method is to produce a consistent ranking order of alternative in a final result. The last different step in both approaches to Fuzzy TOPSIS is the definition of an ideal solution in Step 6. In Chen's method, the author defines the ideal solution and negative ideal solution as a perfect value on criteria where the values are always (1, 1, 1) and (0, 0, 0) respectively. On the other hand, Yuen defines the ideal solution as a maximum of the decision matrix value and the negative ideal solution as a minimum of the decision matrix value. The definition of the positive ideal solution, (r + ) in Yuen's method is shown in (12) and of the negative ideal solution (r − ) is shown in (13):
where (r The other steps are the same for both methods, starting from Step 3 (Aggregation), Step 4 (Normalization), Step 5 (Weighted normalized decision matrix), Step 7 (Distance measurement), Step 8 (Relative closeness) and Step 9 (Ranking). For Step 3, both methods use (2) and (3) to get an average value of rating of alternatives from the DMs. Next, the normalization step in Step 4 is used (5) and (6) to get the normalized value of decision matrix. Then, Step 5 uses (7) to get the weighted normalized decision matrix value. Steps 7 and 8 use (10) and (11) respectively to get the distance measurement and the relative closeness. Then both methods use the same ranking step where the higher the relative closeness value, the better the alternative is. In the next section, a same MCDM problem with synthetic data is used to show the implementation of both methods.
IV. NUMERICAL EXAMPLE
In this section, an example will be used to demonstrate the implementation of both methods. This example was designed using synthetic data to enable the systematic comparison of the methods using the same MCDM problem. The goal for both methods is to get the ranking order of alternatives. Specifically, we focus on comparing the following aspects:
1) The scale used in both methods (Section IV-A); 2) Decision maker rating aggregation and normalization (Section IV-B); 3) The definition of ideal solution (Section IV-C); For each case, a comparison for both methods based on the synthetic MCDM problem is provided.
A. The scale used in both methods
In Chen's method, the scale used to represent the linguistic variable for weighting of criteria and rating of alternatives are shown in Table II (a) and (b) respectively. Chen assigns a value based on intuitive and logical sense without a complex design process. We simulate the case of three decision makers being asked to rate the alternatives and to provide importance weights for the criteria. In this example, we use three benefit criteria, (C1, C2, C3) and three alternatives (A1, A2, A3). The weights of the criteria are shown in Table II (a) and the rating of alternatives in Table II (b). The "collected" rating of alternatives is shown in Table IV (a) together with importance weights of the criteria.
It is worth noting that in this step, Yuen's method collects more information as each DM is required to give two-fold ratings. Firstly, as shown in Table III , the DMs need to choose one of the main linguistic terms (e.g., Poor, Fair and etc.) and secondly, the DMs need to choose the hedges (e.g., Much Below, Quite Below, etc.). In contrast, in Chen's method, it is a direct rating process, and following Table II, the DMs only need to choose one linguistic term (e.g., Poor, Fair and etc).
For our numerical example, we generate comparable data as could realistically be collected for the same problem (as explored above for Chen's method) from the same DMs. Using the same number of DMs, alternatives and criteria as in Chen's example in the previous part, we simulate the case of DMs being asked on rating of alternatives. For the weights of the 
criteria, we use the same values as in Chen's example. For the rating of alternatives, Yuen's method uses the scale in Table III . For comparison purposes, the synthetic ratings of alternatives is the same as in Chen's method shown in Table IV except for the addition of hedges. In this paper, we purposefully seek to compare both methods using an example with data that is as similar as possible. Clearly however, Yuen's approach draws its main benefits from the additional degrees of freedom imparted by the hedges and thus in future work we will explore the impact of specific variations of hedges on the overall decision output. Since there are no hedges in Chen's method, we adopt the "Absolutely" hedge throughout in order to establish a reasonable basis for the comparison of both approaches. The result is a rating of alternatives of Yuen's method as shown in Table IV (b).
B. Decision maker rating aggregation and normalization
Following rating, for both methods, the next step is to aggregate all the preferences values to form a fuzzy decision matrix using (2) and (3) explained in Section II. For our example, the results of this process for Chen's method are shown in Table V (a) and for Yuen's method, in Table V (b).  The table show an average of all DMs' preferences given in  Tables IV (a) for Chen's method and Table IV (b) for Yuen's method. Post aggregation, a normalization step is applied, where both methods use the same technique where (5) is for the benefit criteria and (6) is for the cost criteria as described in Section II. This step is taken to facilitate the computational problems inherent to the presence of the different units in the decision matrix and aims at obtaining comparable scales. In this example, both methods use all the benefit criteria. Then, for the overall weighted normalized decision matrix, both methods use the same technique shown in (7) as described in Section II. In this step, each value from the previous normalized matrix is multiplied by its associated weight as shown in Table V (a). The result of the weighted normalized decision making for Chen's and Yuen's method are presented in Table VI . The next step is the definition of the ideal solution which will be discussed in the next section.
C. The definition of the ideal solution
In Chen's Fuzzy TOPSIS method, the perfect value is used. For our numerical example, the Fuzzy Positive Ideal Solution (FPIS) is defined as in (14) while the Fuzzy Negative Ideal Solution (FNIS) as in (15):
On the other hand, in Yuen's method, the definition of FPIS and FNIS are established as shown in (12) and (13) respectively. In this example, the values of FPIS and FNIS are shown in (16) and (17) (11) . Finally, the ranking of alternatives was determined using the same concept. In Chen's method, alternative A2 is the best one followed by A3 and A1. From Table VII (b), the ranking of alternatives based on Yuen's method is the same as in Chen's method where Alternative 2 (A2) is the best one followed by Alternative 3 (A3) and Alternative 1 (A1).
V. DISCUSSION
For the overall ranking, both methods give the same ranking order as expected based on the synthetic data. [8] and the recent Fuzzy TOPSIS method by Yuen [15] . The implementation of both methods was demonstrated in detail using a synthetic numerical example. The synthetic data in this example was specifically designed to enable a direct comparison between both methods, i.e. the secondary scale employed by Yuen's method was largely neutralised by using only the neutral "Absolute" hedge. This approach was taken to allow us to focus on the difference in mechanisms in both approaches, rather than on the presence of additional information gathered from decision makers in Yuen's method. Based on the resulting comparison, the differences in the steps implemented by these two Fuzzy TOPSIS methods were highlighted throughout the worked example, where they arise in the Scale, Rating and Ideal Solution definition steps. As was intuitively expected, the final ranking order of alternatives shows the same result for both methods. Thus, for future work, we will focus on exploring the effect of varying individual hedges in Yuen's method and showing how the additional information captured in these hedges provides different outputs compared to Chen's approach. Clearly, as Yuen's approach is significantly more work-intensive, computationally, but more significantly -in terms of expert time, it is important to establish what value the additional effort can provide and in which situations it is warranted. Finally, we will explore the potential of using alternative fuzzy set design methods such as in [22] .
